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A rainbow matching in an edge-coloured graph is a matching whose edges
all have different colours. Let G be a group of order n and consider an
edge-coloured complete bipartite graph, whose parts are each a copy of the
group G, and the edge (x, y) gets coloured by the group element xy. We
call this graph the multiplication table of G. For which groups G does the
multiplication table of G have a rainbow matching? This is an old question
in combinatorial group theory due to Hall and Paige, with close connections
to the study of Latin squares. The problem has been resolved in 2009 with a
proof relying on the classification of finite simple groups. In 2021, a ”simpler”
proof for large groups appeared, this time using tools from analytic number
theory. We present a third resolution of this problem, again only for large
groups, and using techniques from probabilistic combinatorics. The main
advantage of our approach is that we are able to find rainbow matchings
in random-like subgraphs of the multiplication table of G. This flexibility
allows us to settle numerous longstanding conjectures in combinatorial group
theory. In this talk, we will give a gentle survey of this area.


